Using a reductive perturbative expansion of the Vlasov-Maxwell (VM) equations for magnetized plasmas, a pseudodifferential equation of gradient type is derived for the nonlinear dynamics of mirror modes near the instability threshold. This model, where kinetic effects arise at a linear level only, develops a finite-time singularity, indicating the existence of a subcritical bifurcation. A saturation mechanism based on the local variations of the ion Larmor radius, is then phenomenologically supplemented. In contrast with previous models where saturation is due to the cooling of a population of trapped particles, the resulting equation correctly reproduces results of numerical simulations of VM equations, such as the development of magnetic humps from an initial noise, and the existence of stable large-amplitude magnetic holes both below and slightly above threshold.
Magnetic holes associated with maxima of density and pressure are often encountered in planetary magnetosheaths close to the magnetopause, and in the solar wind (see, e.g., [1, 2] ). These structures are often viewed as ultralow frequency (ULF) waves resulting from the mirror instability [3] that develops in a collisionless plasma with ion temperature anisotropy and a beta exceeding a few units. Such conditions can be met under the effect of the plasma compression in front of the magnetopause [4] , where the effect of ULF waves on the energy and mass transfer remains an important open problem in the context of the interactions between the solar wind and the magnetosphere. Mirror structures are also observed when the plasma is linearly stable [5, 6] , which may be viewed as the signature of a bistability regime resulting from a subcritical bifurcation, whose existence was interpreted on the basis of a simple energetic argument within the simplified description of anisotropic magnetohydrodynamics [7] .
The linear mirror instability has been extensively studied analytically, at least near threshold ( [8] and references therein), and also by means of particle-in-cell (PIC) simulations [9] . It turns out that wave-particle resonance plays a central role in driving the instability, while finite Larmor radius (FLR) effects are at the origin of the quenching of the instability at small scales. In contrast, a theoretical understanding of the nonlinear phase remains limited, based on a phenomenological modeling of particle trapping [10, 11] that hardly reproduces simulations of Vlasov-Maxwell equations [12] . The aim of this Letter is to provide a nonlinear model for the mirror mode dynamics, based on a reductive perturbative expansion of the Vlasov-Maxwell (VM) equations. For the sake of simplicity, we consider an electron-proton plasma with cold electrons.
From VM equations, one easily derives the equation governing the mean proton velocity u that, when neglecting electron inertia, reads
Here denotes the nongyrotropic contribution to the pressure tensor andb B=jBj. The other notations are standard. When the control parameter (temperature anisotropy or beta of the plasma) is close to the instability threshold, the left hand side of Eq. (1) becomes subdominant. The equation governing the mirror dynamics is then obtained perturbatively by expanding the projection of the resulting pressure balance on the plane perpendicular to the local field. In this approach, the ion pressure tensor elements are computed from the VM system, near a biMaxwellian equilibrium state characterized by temperatures T 0 ? and T 0 k and a constant ambient magnetic field of amplitude B 0 taken along the z direction. At a linear level, the instability growth rate takes the form Because of the lack of space, the reductive perturbative expansion performed on the VM system to estimate the components of the pressure tensor [to be substituted in Eq. (1)], cannot be detailed here and will be published elsewhere. A few remarks are, however, in order. The linear part of the resulting Eq. (5) written below corresponds to the instability growth rate given by Eq. (2) . Note that the time derivative is due to the resonance between the nonpropagating mirror wave and particles with almost zero parallel velocity. FLR corrections originate not only from the gyroviscous tensor in Eq. (1) but also include contributions from the gyrotropic pressures. Furthermore, the nonlinear term is not affected by FLR corrections (nor by resonances) and will be, in the framework of this Letter, more conveniently computed within the drift kinetic approximation [13] that assumes scales large enough for nongyrotropic effects to be negligible. For this purpose, noting the absence of parallel electric field in the case of cold electrons, and the subdominant character of the electric drift, we write the drift kinetic equation for the ions in the form
In this equation, the adiabatic invariant v 2 ? =2jBj plays the role of a parameter. The pressures p k and p ? are given by the integrals
Measuring the distance to threshold by " ? ÿ1 j ? = k ÿ 1 ÿ ÿ1 ? j 1 with 1 ? ÿ k =2, we rescale parallel (perpendicular) space derivatives by " (respectively, " 1=2 ) and time derivative by " 2 , consistently with the linear growth rate. This scaling assumes that the instability is not early arrested by quasilinear effects and particle trapping, a point discussed below. We also expand f and B z up to second order in powers of ", denoting by a superscript p the corresponding coefficient of " p . We note that the parallel current is subdominant, leading to B 3=2 ?
up to an additional contribution proportional to B 2 z that cancels out in the final equation due to the threshold condition.
On the considered time scale, the effect of nonlinear Landau resonance is negligible in the nonlinear contributions that can thus be estimated from the equations
For an equilibrium bi-Maxwellian distribution f 0 / 
We finally get the closed equation for the longitudinal magnetic perturbation that, after rescaling, reads 
has the meaning of a free energy or a Lyapunov functional. This quantity can only decrease in time, since
The time derivative of F identically vanishes at the stationary localized solutions defined by the equation
for which one easily checks that nonzero solutions do not exist when 1. As a consequence, dF=dT is strictly negative above threshold. In the nonlinear regime, negativeness of this derivative implies R U 3 d 3 R < 0, which corresponds to the formation of magnetic holes. Equation (5) simplifies when the spatial variations are limited to a direction making a fixed angle with the ambient magnetic field. After a simple rescaling, one gets
where is the coordinate along the direction of variation. This equation can be referred to as a ''dissipative Korteveg-de Vries (KdV) equation'', since its stationary solutions coincide with those of the usual KdV equation. The presence of the Hilbert transform in Eq. (7) nevertheless leads to a dynamics significantly different from that described by soliton equations. Equation (7) was integrated using a spectral method above threshold with an initial condition in the form of a sine function involving several periods within the computational domain. After an initial phase associated with the linear instability, we observe the formation of several magnetic holes whose number is progressively reduced to PRL 98, 235003 (2007) P
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235003-2 one. After a while, the solution blows up. Its profile at a time close to collapse is displayed in Fig. 1 . In order to characterize the nature of the singularity of Eq. (7), it is convenient to introduce the similarity variables T 0 ÿ T ÿ1=3 , ÿ logT 0 ÿ T, and to look for a solution in the form U T 0 ÿ T ÿ2=3 g; , where g; satisfies the equation
At large jj, that corresponds to the limit T ! T 0 , the asymptotic solutiong obeys 2g @g=@ C ÿ2 , where C 9 R 1 ÿ1 g 2 0 d 0 > 0, and has the formg C ÿ2 logj= 0 j. For U, it gives the asymptotic solution U asymp C= 2 logj= 0 tj with 0 t T 0 ÿ T 1=3 0 , that, as T ! T 0 , has an almost time independent tail. For jj < T 0 ÿ T 1=3 j 0 j the solution is negative and becomes singular as approaches the origin. The inset in Fig. 1 that displays U asymp for 0 5 and C 10, shows a good agreement with the simulation of the initial value problem.
Asymptotically self-similar solutions can also be constructed in several dimensions, when rescaling the longitudinal coordinate by T 0 ÿ T 1=2 , the transverse ones by T 0 ÿ T 1=4 and the amplitude of the solution by T 0 ÿ T ÿ1=2 . Existence of a finite-time singularity for the initial value problem can be established for initial conditions for which the functional F is negative, when the term involving can be neglected, an approximation consistent with the dynamics.
At the level of the primitive VM equations, the singularity can be viewed as the signature of a subcritical bifurcation that cannot be described in the framework of the present asymptotics where no saturation originating from nonlinear kinetic effects is retained.
Among these effects, we concentrate on particle trapping and nonlinear FLR corrections. As argued in [14] , saturation results from both particle trapping (efficient at large v ? ) and quasilinear effects [15] (for small v ? ), the latter mechanism leading, in the absence of coherent structures, to amplitudes of order " 2 . In fact, another branch of solutions can be reached, where the hydrodynamic nonlinearity that leads to the finite time collapse of Eq. (5) can rapidly become important and dominate over the former effects. The singularity indeed induces a dynamics much faster than in the linear regime, thus permitting the amplitude to reach a level large enough for all previously subdominant nonlinearities to become relevant. No systematic approach being presently possible, it is reasonable to address these effects separately.
Models involving saturation processes based on the cooling of a population of trapped particles, but neglecting FLR corrections, were previously discussed [10, 11] . These models mainly predict the formation of deep magnetic holes, while simulations of the VM equations, using either PIC codes [12, 16] or an Eulerian description [17] display the formation of magnetic humps above threshold together with a phenomenon of bistability, associated with the existence of stable large-amplitude magnetic holes both below and above threshold.
It turns out that a saturation mechanism based on the simple effect of the variation of the local ion Larmor radius L can be phenomenologically supplemented to our asymptotic model, making it consistent with VM simulations. For this purpose, writing that 2 L / T ? =jBj 2 / 1=jBj 1=B z (because of the conservation of ), this variation can be modeled in Eq. (5) by replacing the term ? U by 1=1 U ? U. Furthermore, in addition to the Laplacian which results from the leading order expansion of a nonlocal operator associated with FLR corrections [8] , we retain the next order contribution in the form 4=9=1 U 2 2 ? U. Equation (7) is modified accordingly. The coefficient is related to the size of the computational domain and is here taken equal to 10 ÿ2 in all the simulations, while is a combination of the distance to threshold and of the value of ? . Such terms that become important as small scales are formed, lead to a saturation of the singularity with a minimum of U that scales like 1=, making the minimum of B z independent of . Retaining higher order terms does not drastically affect the value of this minimum, while keeping only the Laplacian would make it almost zero. Figure 2 displays the profile of the solution obtained by time integration of the modified version of Eq. (7) with 1, assuming 0:2 and a random initial noise of maximal amplitude 0.01. We observe the suppression of the singularity and the formation of flat minima. For this value of , associated with small ? and/or proximity to threshold, we observe both holes and peaks, with a slight preference for holes, a tendency being more pronounced at smaller values of .
Increasing significantly affects the geometry of the structure with, for 1:2, a clear domination of magnetic humps (Fig. 3) , as observed in PIC and Vlasov simulations. In the present simulation, after the arrest of the linear instability, six peaks were formed, which gradually disappear, through a coarsening phenomenon previously observed in hybrid PIC simulations [12] .
Below threshold, when integrating the modified equation with 0:32 and random initial conditions with a relatively large maximal amplitude equal to 1.5, the formation of spiky magnetic holes are observed, as exemplified in Fig. 4 . For larger values of , such solutions no longer exist.
In conclusion, we demonstrate that the hydrodynamic nonlinearity leads to a subcritical bifurcation for mirror modes near threshold, which provides a dynamic interpretation of the observation of magnetic holes below the instability threshold. Above onset, in addition to the classical quasilinear solutions, another branch of solutions with much larger amplitudes is obtained. Within the proposed model, the obtained structures (holes or humps) are consistent with the statistics of mirror structures in the terrestrial magnetosheath obtained from CLUSTER satellite data [6] .
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